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Abstract
The problem of excitation of the drift-tearing mode (Coppi, 1964) in high-temperature
plasmas is considered. Existing theories predict that under the conditions typical of
modern toroidal experiments on nuclear fusion, the mode is linearly stable in both
collisionless (Coppi et al., 1979), and in a weakly collisional (Antonsen and Drake,
1983) regimes. We propose that the presence of a spectrum of background microscopic
modes leads to destabilization of the drift-tearing mode by significantly altering the
electron thermal energy transport. Two phenomenological models that illustrate this
possibility are considered. In particular, we demonstrate that a localized reduction
in parallel electron thermal conductivity, or a localized depression in the electron
temperature gradient cause a significant reduction of the mode excitation threshold,
as measured by Acrit, the jump of the first derivative of the magnetic field across the
reconnection layer.
Both experimental observations and theoretical considerations indicate that in the
regimes of interest the values of the perpendicular thermal diffusivity DI are signif-
icantly higher than the corresponding collisional estimates. Therefore the influence
of the perpendicular heat flux on the excitation properties of the drift-tearing mode
must be analyzed. The result is that for DI above a certain critical value D', which
depends on the parallel thermal diffusivity and parameter re = dlnTe/dlnx, the
excitation threshold of the mode is significantly reduced, and can be negative. This
indicates the presence of an additional drive for the mode, which has been identified
as the perpendicular electron temperature gradient. When D± > Dc, the growth
rate of the mode is an increasing function of the parameter qe, which is in contrast
to the regime of relatively small or zero perpendicular thermal diffusivity, D1 < Dc,
where the mode becomes more stable as re is increased.
In the collisionless regime the drift-tearing mode is stabilized by the effects of the
electron Landau damping, which play a role similar to that of the parallel thermal
conductivity in the weakly collisional regime. It is well known that Landau damping
can be significantly affected by such effects as spatial and velocity-space diffusion. We
consider the influence of the resonance broadening due to particle spatial diffusion
on the excitation properties of the drift-tearing mode. Such resonance broadening
is found to cause a reduction of the excitation threshold. However, the employed
semi-analytical treatment of the problem allows only consideration of relatively small
values of the corresponding diffusion coefficient. In this regime the reduction in the
excitation threshold is rather small.
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Chapter 1
Introduction
The process of a rapid change of the magnetic topology, accompanied by a release
of the magnetic energy, plays a key role in many important phenomena in both lab-
oratory and astrophysical plasmas. This process, commonly referred to as magnetic
reconnection, is thought to be responsible for such diverse phenomena as the forma-
tion of the Earth's magnetopause, auroral substorms, solar flares. and disruptions in
laboratory experiments on toroidally confined plasmas (see e.g. [4, 5]).
Because the electrical conductivity of plasmas is typically very high, in the first
approximation they can be described as superconducting fluids. In particular, the
magnetic field is mostly convected with plasma flow. Small, but finite resistivity leads
to a slow diffusion of the magnetic flux, but this process typically proceeds on time
scales that are much longer than the ones associated with the plasma motion, and can
usually be ignored. However, a situation can arise when the magnetic field becomes
very distorted because of a complex plasma motion, so that oppositely directed field
lines are brought together as shown in Fig. 1-1. Such a configuration implies that a
large current must be flowing between the regions of oppositely directed field lines.
These narrow currents are typically unstable against a filamentaion process, which
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Figure 1-1: Reconnecting field lines. The large arrow corresponds to the time evolu-
tion
develops on time scales shorter than that of the diffusive evolution. This instability,
known as the tearing mode, is associated with the fact that the magnetic field can
significantly lower its energy by changing its topology, or "reconnecting", as shown
in Fig. 1-1.
Under conditions typical of laboratory experiments on fusion-grade plasmas the
tearing process effectively couples to the drift motion. The resulting drift-tearing
mode [6] is a dangerous global instability that may limit the performance of present
and future fusion experiments [7]. Large magnetic islands produced by the drift-
tearing mode in toroidal confinement devices degrade the confinement, and may trig-
ger catastrophic events such as disruptions. The free energy to drive the instability
comes from the gradient of the equilibrium parallel current. However, the rate of
release of this energy, and the growth rate of the mode are determined by relatively
small effects that represent departures from the ideal MHD approximation, such as
finite resistivity or finite thermal resistivity.
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In this thesis we consider the important question of the excitation of the drift-
tearing mode in high-temperature plasmas, i.e. in the regime relevant to present-day
experiments on nuclear fusion. Despite considerable theoretical effort over the last
forty years, the theory of the drift-tearing mode in this regime is far from complete.
One of the most interesting and important questions is how the instability is excited.
The basic problem is that according to existing theories [2, 3], the effects associ-
ated with the parallel transport of electron thermal energy have a strong stabilizing
influence on the mode, so that it should remain linearly stable in the regimes of
interest. Despite that prediction, large-scale instabilities with characteristics simi-
lar to the drift-tearing mode are routinely observed in toroidal experiments [7, 8].
Motivated by this serious contradiction between experimental observations and the
existing theoretical predictions, we reconsider the theory of the drift-tearing mode,
in particular the influence of the electron thermal energy transport on the stability
of the mode. We find that under realistic conditions the stability of the mode may
be significantly affected by its interaction with a background spectrum of microscopic
modes that influence the larger scale instabilities by inducing non-collisional thermal
energy transport. Such interaction may dramatically lower the excitation threshold
of the drift-tearing instability, and may serve as a possible explanation of the relevant
experimental observations.
1.1 Organization of the Thesis
The organization of the thesis is as follows. In the remainder of Chapter 1, some of the
basic properties of the drift-tearing mode are introduced. In particular, we discuss the
differences between the resistive tearing mode and the drift-tearing mode. In Chapter
2, the theory of the drift-tearing mode in a weakly collisional regime is reviewed. In
this regime fast transport of the electron thermal energy along the field lines leads to
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stabilization of the mode, if a finite gradient of electron temperature is present. This
manifests itself in a significant increase of the excitation threshold [2, 3] compared
to the case of "adiabatic" electrons [6], or zero gradient of electron temperature.
We present accurate estimates of the excitation threshold for the regimes related
to experiments on fusion-grade plasmas. Since relevant observations indicate that
the modes can be excited well below the threshold predicted by linear theory, we
propose that the drift-tearing mode may be excited by interacting with a spectrum
of background microscopic modes. Two effects that may be caused by the presence
of such a background are investigated in Chapter 2. In particular, we demonstrate
that a local depression in the parallel thermal conductivity and a local flattening of
the temperature profile lead to a decrease of the excitation threshold.
Having established that the transport of the electron thermal energy plays a key
role in stabilizing the drift-tearing mode in high-temperature regimes, we investigate
in Chapter 3 the possibility that the perpendicular energy transport may significantly
affect the properties of the mode. Such transport is excluded from the conventional
analysis on the grounds that the collisional estimates of the corresponding transport
coefficients are rather small. We find that the perpendicular transport can in general
lead to the lowering of the excitation threshold. Moreover, when the value of the
perpendicular thermal conductivity is sufficiently high, a new instability is discovered
that belongs to the class of the drift-tearing modes, but is driven by the combined
effects of the electron temperature gradient and the magnetic energy. The significance
of this result lies in the fact that the excitation threshold for this mode is defined by
the local profiles of the electron temperature and density and is expected to be much
lower than that of the "conventional" drift-tearing modes for the regimes typical of
the modern tokamaks.
Chapter 4 is dedicated to the analysis of a reduced model of interaction between
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the drift-tearing mode and the background microscopic modes. In particular, we
consider the collisionless regime, where the drift-tearing mode is stabilized by the
combined effects of the electron Landau damping, and of the perpendicular gradient
of electron temperature [2]. It is well known that Landau damping can be affected
by such processes as velocity-space diffusion or spatial particle diffusion, both of
which lead to the broadening of Landau resonance. We investigate the influence of
the resonance broadening induced by spatial particle diffusion on the excitation of
the drift-tearing mode. This corresponds to treating the background modes as a
statistical "bath", whose only role is to scatter particles. We note that since Landau
damping plays a role similar to that of the parallel thermal conductivity, resonance
broadening interferes with parallel thermal energy transport, and therefore can be
expected to affect the excitation threshold. We find that the resonance broadening
does lead to a decrease of the mode excitation threshold. However, a semi-analytical
treatment of the problem that we employ is only possible for relatively small values
of the corresponding spatial diffusion coefficient. In this regime the reduction of the
excitation threshold is rather small.
Finally, we summarize the findings presented in this thesis in Chapter 5, and
present some ideas regarding the possible directions of future research.
1.2 The Drift-Tearing Mode
In this section we discuss some of the important properties of the drift-tearing mode,
including the differences between the drift-tearing and the resistive tearing mode. We
consider a simplified magnetic configuration that allows us to demonstrate all of the
important characteristics of the mode without complications arising in more realistic
geometries. In particular, we refer to a "cylindrical" equilibrium, i.e. an equilibrium
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with the magnetic field described by
B = Bzez + Bo(r)eo, B2z = Const > Bj. (1.1)
We impose periodic boundary conditions in z in order to simulate the toroidal
topology, and take kz = n/R where n is an integer and R > a, with a corresponding
to the characteristic radial size of the plasma column. We are interested in the per-
turbations that produce magnetic reconnection inside the plasma volume. Consider
a helical perturbation of the magnetic field of the from
Br = Br(r) exp(-iw + imO + ikzz) (1.2)
Such a perturbation is aligned with the equilibrium magnetic field at the point r = rs,
where the parallel wave vector is zero,
k -B = Beo + kzBz = 0, (1.3)
r
and leads to "reconnection" of the magnetic field lines that manifests through the
appearance of magnetic islands of width
Br_(r, )~/. (1.4)
The resulting chain of magnetic islands is schematically presented in Fig. 1-2. Two
regions with distinct topology of the magnetic field are apparent. Away from the
resonant radius (more precisely, outside of the separatrix), the magnetic surfaces of
the equilibrium configuration are perturbed, but their shape is preserved. Inside the
separatrix closed magnetic surfaces, or "islands", are formed. The appearance of
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Figure 1-2: A chain of magnetic islands that is formed when a resonant perturbation
of the form (1.2) is present. The bold line corresponds to the position of separatrix,
i.e. the field line that separates regions with distinct topology of the magnetic field.
the magnetic islands can influence the global properties of the plasma confinement
in a toroidal device in several ways. If the islands are relatively small, but appear
simultaneously at several adjacent radii, they can eventually overlap. Such a process
leads to a local stochastization of the magnetic field [10], which in turn can cause
a significantly enhanced perpendicular transport [11]. In contrast, large magnetic
islands lead to a degradation of magnetic confinement and a drop in the plasma stored
energy, and may trigger disruptions by connecting inner and outer regions of the
plasma column (e.g. [7]). While several instabilities capable of producing small islands
are known (e.g. the electromagnetic electron temperature gradient driven mode, the
microtearing mode, the electromagnetic rippling mode, and resistive pressure-driven
modes), only the tearing mode can produce large magnetic islands because it involves
global perturbations of the magnetic field.
We note that perturbations of the form (1.2) that lead to magnetic reconnection
must have Br,.(rs) / 0. An analysis of such perturbations that relies on ideal MHD ap-
proximation fails around the resonant surface r = rs. Indeed, since the characteristic
time scale of the instability is longer than the Alfvyn time, evolution away from the
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resonant surface proceeds through a sequence of quasi-equilibrium states, and may
be described by the quasi-equilibrium condition e¢. V x j x B _ 0. The solution
of this equation, an example of which is shown in Fig. 1-3, develops a singularity at
r = rs. In particular, the first derivative of the magnetic field exhibits a discontinuity
at r = rs, which is characterized by quantity
A/d In B d In Br
dr Ir=rs+ dr Ir=rs-
The quantity A' corresponds to the ideal MHD magnetic energy 6W associated with
the perturbation (1.2) (see e.g. [15]). This observation enables the interpretation of
the parameter A' as a measure of the magnetic energy available to drive the mode [16].
The singularity at the resonant radius may be resolved by analyzing a boundary
layer of width 6 R around r = r, ("inner" or "reconnection" layer), where the previ-
ously omitted non-ideal MHD terms in the Ohm's law must be kept. In particular,
one performs an asymptotic expansion in the parameter c _ Dmm 2/(r,2 A) << 1,
where Dmn is the magnetic diffusion coefficient Dm - qlllc2/47r, rll is resistivity, and
4) = (BI) 2/(4irnMi). In order to obtain globally smooth solutions, the solution in
the inner region must be matched to the outer one. The matching is achieved by im-
posing the condition that A' defined by (1.5) is equal to the corresponding quantity
calculated in the inner region
A' -- drf 1 d2 B- (1.6)
inner Br(rs) dr 2  (16)
In practice the values of A' computed in the outer region are used as a boundary
condition in the solution of the inner layer equations. We note that the values of A'
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Figure 1-3: Examples of eigenmodes in cylindrical geometry. The vertical lines corre-
spond to the positions of the singular surfaces. The normalization is chosen in such a
way that the modes have the same amplitude at the singular surface. The conducting
wall is placed at r/a = 1.4.
1.2.1 Drift-Tearing Mode vs Resistive Tearing Mode
The most obvious departure from the ideal MHD approximation is the finite resistiv-
ity. If only this effect is included, the growth rate of the instability, which is known
as the resistive tearing mode, is [16]
YRT Cx (aA')4/ 5 (()3/5. (1.7)
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Figure 1-4: The drift-tearing mode eigenfunction in case of "adiabatic" electrons.
Here W is appropriately normalized electrostatic potential, and 64 = DmW e/(k 2w2).
The solid and the dashed lines represent the real and imaginary parts of W corre-
spondingly.
In high-temperature regimes the finite ion gyroradius effects, and the effects associated
with the parallel gradient of the electron pressure become very important [1]. The
two fluid description is necessary, with the relevant form of the electron momentum
balance equation given by1
0 _ -enb -E - (b -V)pe - cTn(b -V)Te + enrlllb . (1.8)
where b = B/B, and aT is the thermal force coefficient. Compared to the case of
the resistive tearing mode, the effects associated with the predominantly electrostatic
perpendicular electric field lead to a significant reduction of the mode growth rate.
1This is discussed in more details in Chapter 2
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In particular, the dispersion relation is
w2 ( - wTI) 3 (w - Wdi) 1R T  (1.9)
where w•T = -(m/rs)cTll e/(enB) dn/dr (1 + 1.7?7e), e = dlnTe/dlnn, and wdi =
(m/r,)c/ (eBn) dpil/dr. Under conditions typical of the experiments on nuclear fu-
sion the characteristic frequency w) is large, w > yRT , so that the growth rate
of the mode is
5/3
S (W 1/3 1/3 (1.10)
which means that 7 < YRT. In addition, the magnetic islands rotate with frequency
Wle - a very important property of the drift-tearing mode that simplifies its detection
in experiments. The eigenfunctions of the drift-tearing mode differ considerably from
those of the resistive tearing mode. In case where the electron evolution is taken
to be adiabatic, eigenfunctions are oscillatory (see Fig. 1-4), and the characteristic
length-scale of oscillation decreases with x, so that it eventually becomes smaller than
the ion gyroradius.
Chapter 2
Drift-Tearing Mode in a Weakly
Collisional Regime
It has been known for a long time that in the collisionless regimes the drift-tearing
mode is stabilized by the effects of Landau damping in the presence of the perpen-
dicular gradient of the electron temperature [2]. In a weakly collisional regime, where
the two-fluid effects play an important role [1, 6], conventional linear theory predicts
that large parallel electron thermal conductivity stabilizes the mode in the presence
of a finite perpendicular gradient of the electron temperature [3]. This of course is in
an agreement with the observation that the effects of Landau damping are replaced
by those of the finite parallel thermal resistivity [18, 19] upon the transition from
collisionless to weakly collisional regimes. The stabilization of the mode is mani-
fested in the existence a finite positive threshold value A'Lrit of the parameter A', such
that the mode is predicted to be stable for A' < Acrit. Yet, the estimates of A' for
the modes observed in modern day toroidal experiments are often significantly below
Acrit [7, 8]. This serious contradiction between the theoretical predictions and the
experimental observations lead us to propose [20] that interaction of the drift-tearing
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mode with a spectrum of background, small scale modes leads to the destabilization
of the reconnecting mode.
We begin this chapter by revisiting the linear theory of the drift-tearing mode,
and emphasize the stabilizing role of the electron temperature gradient and of the
parallel electron thermal conductivity. The threshold values of Acrit for a range of
plasma parameters are calculated. We then discuss mechanisms that may lead to
the destabilization of the mode. Two specific models, namely a local suppression of
parallel thermal conductivity, or a local flattening of the electron temperature profile
are proposed and analyzed.
2.1 The Model Configuration
Assuming that the outer solution and the corresponding value of A' is known, we
seek the solution in the inner layer that can be matched to the outer region. Due to
the thinness of the reconnection layer, we can assume the equilibrium magnetic field
to be locally flat, and use the so-called "sheared slab" magnetic geometry that can
model more complicated configurations, and is represented by
B = Bz(x)e, + B,(x)e, B, < Bz . (2.1)
The normal modes that produce magnetic reconnection are of the form
B, = Bx(x) exp(-iwt + ikyy + ikzz), (2.2)
with kyB, + kzBz = 0 at x = xo. We consider relatively large kL ky - 1/a, for
which the parameter A' calculated from the outer solution is the largest. Here a is
the macroscopic scale length of the plasma, and without the loss of generality we
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take xo = 0. As is discussed in the introduction, for the modes of interest the inner
solution can be matched to the outer one if we impose the asymptotic connection
condition [16, 1]
A' = (2.3)JR B 0o Ox2 '(23)
where the integral is taken across the reconnection layer. When A' is not too large,
A'a O(1), Eq. (2.3) implies the following ordering of the derivatives of Bx inside
the reconnection layer of width bR
6R(B"/Bxo) - (6R/a), 6R(B'/Bxo) (6R/a). (2.4)
These relations justify the use of the so-called constant-B, approximation inside the
layer
B•x r-/10 Bo [1 + R, (2.5)
where # ~ (6Rk') - (6J?") 0 O(1).
2.1.1 The Inner Layer Equations
For the modes of interest the characteristic frequency w is much smaller than the
electron cyclotron frequency Qce = eB/(mec) and the electron collision frequency
ve; the parallel spatial scale kit 1 is larger than the electron mean-free-path Am.f.p.,
and the perpendicular spatial scale L1 is much larger than the electron gyroradius
Pe = Vthe/Qce, so that it is appropriate to describe electrons using moments of the
distribution function. In the guiding-center formulation, a general expression for the
electron parallel momentum balance equation may be written as (see e.g. [21])
1 1 1 1 med
E + -v x B -Re ei + -- j x B - Vpe Ve + Ree (2.6)
c ne ne c e dt
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Here Rei describes momentum exchange between electron and ions, Ree represents
electron momentum relaxation (viscosity), v - vi is the plasma flow velocity, and the
other terms are easily identifiable.
Under the MHD ordering, v1 - Vth, the perpendicular component of (2.6) reduces
simply to
E± + (1/c)v x B .0. (2.7)
The parallel component of (2.6) is, to the lowest order in (ve/Qce),
1






VVpe -e dt le
e dt
•[ Al -V2I A l e"
+ 1Vle ±+ VVVle.n
ne ne
Here VII = (b - V) 2, V2 SV 2 - V2, b = B/B, and the coefficients are 1, =
7l1me/(ne27e), LII - nTeTe, and pi f nTe/(Q cTe). For a simple two-component
plasma aT d 0.71, ll = 0.51, and the electron collision time is [22]
-1 3 J nTei3/ 2
Te = V e
=e 4VnAe4 '
with A d 17. To elucidate the relative importance of various terms in (2.8), we
estimate their order of magnitude as follows






where Dm is defined as
T71 c2 C2me
47r 47 ne2Te
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tivity are those associated with the parallel pressure gradients. Indeed, we find that
the magnitude of the resistive term relative to the terms associated with pressure
gradients is
DmeB a 62 a 1 2 a 1
'____ (2.14)
cT JR diSR LS/3 piR L (2.14)
where J, is the resistive length scale (Dm/WA) 1 /2 , 3 is the ratio of plasma kinetic
pressure to the magnetic energy density 3 = (47rnTe)/B 2 , L, = B/B'~, and d? =
(c2Mi)/(47rne2 ). This ratio can be of the order of, or smaller than unity for parameters
corresponding to modern tokamaks. For example, even when we take JR to be of the
order of the smaller scale ,7, the ratio in (2.14) is equal to 0.4 for the parameters
typical of the Alcator C-MOD machine, B = 5T, T = 1KeV, n = 1014 cm - 3 , and
a/L, = 0.1.
In a similar fashion, an estimate of the terms associated with the viscosity shows
that they are generally smaller than the resistive and pressure gradient terms (pro-
vided the values of the corresponding coefficients correspond to those found by col-
lisional theory). To summarize, in the regimes of interest the dominant contribution
to the electron parallel momentum balance equation is given by the resistive term
and the terms involving the parallel gradients of the electron pressure and the ther-
mal force V•ITe. Similar analysis can be performed for the electron thermal energy
balance equation, with the result that the dominant terms are the convection, the
parallel heat flux and the electron compressibility.
Then we adopt the following system of equations with the electron thermal energy
balance equation and the longitudinal electron momentum balance equation that
include all the components relevant to rather weakly collisional regimes
0-t +  Ex Vn + V.V ( belrb) = 0 (2.15)
0 , -enEll - (b.- V)pe - aTn(b V)Te + enrllll (2.16)





at + iEx dx ) + nTeV. (biell) -V - (bqlle). (2.17)
The collisional heat flux in the direction parallel to the magnetic filed is given by
q41e = -Klle B V) T + aTnTeille, (2.18)
where Nlle is the parallel thermal conductivity
nTe Te
lle = kijleMe (2.19)
me
with ille a numerical coefficient that is equal to 3.2 if the parallel thermal conductivity
is determined by the binary collisions in a proton-electron plasma. Note that the
linearized operator (B - V) acts on both perturbed and unperturbed quantities, e.g.
(B V)p = Bxj + ik)1BP,dx
where kll = (k • Bo)/B.
V x (Ellb + E ) to obtain
(w - w )B• ck r1l1 11 - i -(k .B)eB
We use (2.16) and (2.7) in the x-component of iwB =
aT) + kyTe + iw(k -B)BEx,
where we introduced the plasma displacement ( according to ( = VE/(-iw).
(2.20)
The
effects of the electron pressure gradient terms are represented by the characteristic
frequencies
WLIe = -kyc/ (enB) dpe/dx
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We = -kc/ (eB) dT,/dx (2.23)
Thus wlle = W*e + We , and we define le = Ile + aTwT = W*e [1 + n7e(1 + aT)], where
d(ln Te)/dx
d(ln n)/dx (2.24)
The last equation of the model is derived from the quasi-neutrality condition, V .J
V - L + iklljll = 0. We use 3 _ nevil_, with the perpendicular ion guiding center
velocity vil given by
C .- Wdi
vil O VEx + Vip + ViFLR= -E x e z - -i e z x vE. (2.25)B Qci
Here Wdi = kyc/ (eBn) dpil/dx is the ion diamagnetic frequency, vip is the ion polar-
ization drift, and ViFLR is the finite Larmor radius correction. Using this expression
and Jil " i(c/47rky) 2, Bj, the quasi-neutrality conditions becomes
d2 Ex (k B)d 2B•
-w(w - Wdi) dx d i 2  (2.26)dz2 4r•• p dz2 '
where we used an identity V - (ez x VE) -ez, (V x VE) = -(axvEy - ayVEx) a
-- (i/ky)dVEx. The last equality holds inside the reconnection region, where k2 can be
neglected relative to the operator 02/dx 2 when applied to the perturbed quantities.
Then from Eq. (2.20) we obtain an equation of the form Ell = j11J,11 where Ell =
(w/ck) (B- - i (k -B) ýEx), and the effective resistivity i)11 is given by
WeT( 1 + a)) 17ll = w (llw - w, - -1 + ivle/ X
k fTe 2 (1+ aT )2E me 7111Vew 3 1 + ivlle/W (2.27)
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Here vile = k 2l 1le/(3n) = k Dell. We note that the electron parallel thermal conduc-
tivity induces strong spatial variation in 4i1. In particular, when we analyze the case
W < I V vile for w = wR + iY le + WR + iy andWR M 7, the theory requires
consideration of more than two asymptotic regions. We define a transition distance
6L by
we = (k6LT) 2 Dell, (2.28)
so that for Ix-xzo 2 > (sT)2 the electrons can be treated as isothermal, for x - x0 2 <
(6iT)2 the equation of state is adiabatic, and for Ix - x0o2 , (61T)2 the complete
expression for Te/Te has to be considered. We note that strong spatial dependence
of the effective electrical resistivity (2.27) becomes important when Vell w iwj, that is
for lx - xol _ 6T . As we will see, this leads to the localization of the mode, so that
for the regimes of interest the typical width of the mode is
6 () 1/2 + 1.71 e/2 )1/2 L )1/2L- ] • ce) Ls•(• Ls. (2.29)
The final form of Eq. (2.27) and (2.26) is
( wT(1 + aT) d2 Bx
-i w - w * - B~( -i(k -B')(X - ) Ex= )( (2.30)
1 + ivlle/W dX
d2 Ex (k . B') d2__
-w(w - Wdi) = (x - x 0 ) d (2.31)dx 2  47rp d 2
from which a single equation can be derived in the "constant Bf" approximation
A ( 1
Ale1 )W(( - Wdi)W" I 1 + 2/ ) (1 - :W), (2.32)
ne(1 + aT) D(.)/Dm 1 + iT2 /C
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where we have introduced dimensionless quantities t = x/6 T ,
W = i(k6T) (k Ex (2.33)
Bok
Tek[ [ -2 (1 + aT)2 (2.34)
D(2)/Dm = 1 + iI 1 + (2.34)mview 3 1 + ivil,/w
DmD2l k 2  2 Te (Pi) 2A -L llei 1 c Te/Ve (2.35)
LsjAW e  3 T 6
r = T- ele (2.36)S(1 + T) '
and the frequencies are normalized to w e. Since we are interested in studying the
dependence of Acrit on 7re, it is convenient to define the quantity A, which is a measure
of collisionality, to be re-independent. Then a characteristic scale-length 6* that
appears in (2.35) is defined by
(6*)2 = =e [1 + (1 + OlT)Tle] - 1  )2 (2.37)
(kf1 )2 DIle
Using these dimensionless variables, the asymptotic connection condition (2.3) takes
the form
A'Dm _ 2/ )+(1 - W) (2.38)
6LT (1 + aT) _D(x)/Dm 1 + i2/
In general, the pair of equations (2.38), (2.32) must be solved numerically, with the
boundary conditions W(O) = 0 and W -> 0 for x -- oc. The numerical method used
to solve these equations is described in details in Appendix A.
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2.2 The Structure of the Mode and the Excitation
Threshold
The main result of the analysis of the influence of parallel thermal conductivity on the
properties of the mode is the realization that the theory predicts relatively large values
of the excitation threshold as measured by the value of A' at marginal stability where
y = 0. In the context of collisional theory, this was first demonstrated by Antonsen et
al. [3], but could be expected based on the results of the earlier analysis in collisionless
regime [2].
In particular, the growth rate of the mode is negative for A' < Acrit, where A'rit
is positive and finite for finite values of n7. We obtain the threshold values Acrit by
solving the pair of equations (2.38), (2.32) numerically. An example of such analysis
is presented on Fig. 2-1, where the quantity (Acrita) is plotted as a function of rl for
several values of parameter A oc Te/ve. In this calculation the values of the plasma
parameters were taken to correspond to the typical ones found in experiments on
Alcator C-MOD machine. In particular, Te = 1KeV, n = 1014cm - 3 , B = 5T, the
reference value of a is 20cm, k = 1/a, and (Ls/n)(dn)/(dx) = 10. We note that the
values of A'crit increase almost linearly with r7, and reach very high values for rle 1,
which is typical of the electron temperature and density profiles found in toroidal
experiments. In Fig. 2-2 a typical structure of the eigenmode is shown. We find
that the characteristic width of the reconnection layer, which can be defined as the
characteristic extend over which the solution deviates from its asymptotic form 1, is
of the order of J6.
In figure 2-3 we compare the results of the direct numerical solution of equa-
tions (2.38), (2.32) with an analytical estimate of Acrit, given in [3]. We note that
'that means that the parallel electric field Ell oc B - i(k - B)ýEx is finite
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Figure 2-1: The dependence of the normalized parameter (Acrita) on rle for several
values of the parameter A. The three curves correspond to the values of A equal to
0.1, 0.05, 0.01, with higher the A corresponding to the higher Acrit.
while this estimate correctly captures the overall tendency for the mode to become
more stable with the increase of the electron temperature gradient, the behavior
with collisionality and certainly the numerical values of Acrit are well off their values
obtained by solving the equations numerically.
We conclude that the combined effects of the electron temperature gradient and
the parallel thermal conductivity lead to stabilization of the drift-tearing mode under
the conditions found in modern tokamaks. It is interesting to note that this result was
obtained first in the context of the collisionless drift-tearing mode [2]. We recall that
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Figure 2-2: A typical eigenmode. Solid line corresponds to the real part, imaginary
part is represented by the dashed line and dash-dotted line shows the asymptotic
solution W = 1/2. Here W = i(k - B')'jTEx/B x0 and 2 = x/ T . The eigenmode was
computed for r7e = 1 and A = 0.01.
the effects of electron Landau damping are known (see e.g. [18, 19, 23]) to be replaced
in a straightforward way by those of the longitudinal electron thermal conductivity
in high temperature collisional regimes, so that the two results are consistent.
i,
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Figure 2-3: Comparison of the analytical estimate of Acrit (no symbols), given in [3]
with the values of Acrit obtained by direct numerical solution of Eqs.(2.38), (2.32)
(lines with symbols). Top two lines correspond to A = 0.1, and the bottom two to
A = 0.01.
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2.3 Destabilization of the Drift-Tearing Mode
We have established that in the high temperature regimes the longitudinal thermal
conductivity and the perpendicular temperature gradient have the stabilizing influ-
ence on the drift-tearing mode, so that the linear theory predicts the existence of
the excitation threshold Acrit > 0. However, this prediction is not supported by the
experimental observations. Indeed, while an accurate estimate of A' for the modes
observed in experiments is rather difficult, it is generally believed that the values of
A' for the observed modes are small and sometimes even negative [8, 7]. Therefore,
in order to explain the excitation of the mode in the high-temperature regimes, we
look for possible destabilization mechanisms outside of the scope of the conventional
linear theory.
In particular, we propose that an interaction of the drift-tearing mode with a
spectrum of small scale background modes interferes with the thermal energy trans-
port, and leads to the excitation of the mode. At the relatively large space and time
scales associated with the drift-tearing mode, the effect of the microscopic modes is
to affect the value of the transport coefficients. Because the transport of the electron
thermal energy has been shown to be of crucial importance for the stability of the
drift-tearing mode, we focus primarily on the influence of the background turbulence
on the electron thermal transport. This separates the present work from other at-
tempts to invoke "anomalous" transport in order to obtain growth rates that are
higher than that predicted by resistive theory, and that mostly assumed "anomalous"
values of the electron viscosity or electrical resistivity (e.g. [24]). We notice that the
microscopic turbulence is known (see e.g. [25] for a review) to significantly affect ther-
mal energy transport, while its influence on the other processes, and in particular on
the parallel electron momentum transport is expected to be somewhat smaller.
We begin the analysis by considering two relatively simple models that are meant
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to demonstrate that local changes in the transport coefficients and plasma parameters
can effectively destabilize the drift-tearing mode. In particular, we consider the effects
of a local flattening of the electron temperature profile and, separately, of a local
depression in the electron parallel thermal conductivity. We assume that such local
variations of the plasma parameters are caused by microscopic turbulence localized
around the magnetic surface where the drift-tearing mode is developing. The origin
of such turbulence may be for example in micro-reconnecting modes driven by the
electron temperature gradient. The localization of the background modes around
the resonant surface is likely to be caused by the variations of the average plasma
parameters induced by the drift-tearing mode. For example, if the background modes
are sufficiently extended in the x direction, localization may be due to the variation
of the electron temperature in the drift-tearing mode, or relatively large value of the
shear of the perpendicular electric field a0x, caused by the mode.
2.3.1 Effects of a Local Flattening of the Temperature Profile
We model the flattening of the electron temperature profile as a local well in tle around
xz. In particular, we assume a Gaussian shape for the well
77e = TieO [1 - exp (_-2/,2)]. (2.39)
Then the appropriate form of equation (2.32) is
d2
/Di [ 2oW 1 - exp (x2 / 2) 1  ) (2.40))/Dm *teo(1 -+ aT) I + i- 2/C
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where
Dm*,e
A k2= 2 )4 (1 (2.41)WA2 41 + OZT
= i(k6) E(kB)x, (2.42)
kBxo
the frequencies are normalized by we, 6w = w - e, and 6* is defined as in (2.37).
When the size of the depression on rIe is very large, the mode is localized entirely
within the "well" of the electron temperature gradient. Obviously, in this case the
mode should be very similar in its characteristics to the case of •, = 0. In particular,
Acrit approaches zero for very large u. For smaller a, the mode can be localized by
the finite parallel thermal conductivity terms in Eq. (2.40). If the width of the mode
is smaller than or about equal to RL, the relevant form of Eqs. (2.40) and (2.38) is
d22
di2 = /) (12 -1- 1W (2.43)
Acritei/ 4  - ( - (2.44)
Here .: = e-i7/1 2xz/6, 1W = i(6,)(k - B')(Ex/Bxo and the characteristic scale of the
mode 6,, is
62 = U2 (6) A(w -d) (2.45)
r~eo(1 + aT)
These equations are identical to the ones considered in [3] up to the phase factors
in front of A'_rit and Sw. Thus a similar analysis leads to the conclusion that at the
marginal stability the values of &6 and A' are universal numbers that were found to
be Ait 0.6 and &D = -0.49e - i7/ 6. Thus
a16 rAw(w - Wdi) 1/2
crit = 0.6- (2.46)
a I eo(1 + aT)
Note that for the above estimate to be valid, we must require that 6,/1 < 1 and
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4
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Figure 2-4: The dependence of A-rit on the width of the depression in qe for A = 0.01.
Here neo = 1 (crosses) and 7eo = 3 (open rhombi). The horizontal lines represent the
values of LArit in the absence of the depression.
5,/61 < 1, i.e. that
(2.47)
which is a rather restrictive condition.
The results of a direct numerical solution of Eq. (2.40) are presented in Fig. 2-4
and Fig. 2-5, where the values of Acrit are plotted as a function of a for A = 0.01
and A = 10- correspondingly. We observe that Acrit gradually decreases with a at
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Figure 2-5: The dependence of Acrit on the width of the depression in r7e for A = 0.001.
Here 7eo = 1 (crosses) and reo = 3 (open rhombi). The horizontal lines represent the
values of Acrit in the absence of the depression.
o becomes much larger than 6T. We find that Acrit scales as 1/a for large a, which
is predicted by our analytical estimate (2.46). This expression is in a rather good
agreement with the results of the numerical analysis, provided the values of a are
large enough (see Figs. 2-4,2-5). However, the value of the numerical coefficient is
closer to one instead to 0.6. We note that for the range of parameters where the
reduction in A'rit is achieved, the frequency of the mode is close to w,,e. This is
illustrated in Fig. 2-6, where the frequency of the mode at marginal stability is shown
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in Fig. 2-7 for several values of uo/6T.
To summarize, a depression in the electron temperature gradient is, as expected,
a destabilizing effect. However, to achieve a significant reduction in Acrit, the region
where the gradient of the electron temperature is suppressed must be relatively large,
of the order of or larger than 65. We also note that for very narrow depressions the
effect is reversed, such that the corresponding value of Acrit is larger than that in the
absence of the depression. This is related to the fact that the frequency of the mode
is dictated by the form of the effective resistivity at x = 0 and must be close to w,e
in the presence of the depression . This value however is unfavorable in the rest of
the region where the mode exists, where the "natural" frequency is w T
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Figure 2-6: The dependence of w on the width of the depression in 77e for A = 0.01.
Here neo = 1 (crosses) and 77eo = 3 (open rhombi). The lines correspond to the
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Figure 2-7: The dependence of the growth rate y/w;e o on the value of A' for Ua/6 = 1
(asterisks), 5 (dots), and 10 (rhombi). Here le = 1, A = 0.01 and A' = (1 +
aT )LWTT /Dm
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X/6L.
Figure 2-8: Spatial profile of the electron parallel thermal conductivity coefficient V11e
in the presence of a depression in Dlle of the form (2.48). Here U = 0.5 (broken line),
1 (solid line). The dotted line shows the same quantity in the absence of a local
depression.
2.3.2 Effects of a Local Depression in the Parallel Electron
Thermal Conductivity
Another possible effect that can lead to the lowering of the excitation threshold for
the drift-tearing mode is a local depression in the parallel thermal conductivity. As
an illustrative example, we consider a local well in DIle
Dile = Dile [1 - exp (-x2/2)] . (2.48)
The corresponding modification of the spatial dependence of the thermal conductivity
terms is illustrated in Fig. 2-8, where the term k2L Die is shown as a function of x for
several values of a.
In agreement with our assessment that parallel thermal conduction is the key
o
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le
Figure 2-9: The dependence of A'crit on e for several values of a, the width of a local
depression in Dile. Here A = 0.1, a = 0.1 (asterisks), 0.5 (open rhombi) and 1(open
triangles).
stabilizing mechanism in a high temperature regime, a local depression in Dile has a
strong destabilizing effect on the mode, reducing the value of Acrit to approximately
zero. This is demonstrated on Figs. 2-9 and 2-10, where we show the values of A'crit
obtained by solving equations (2.32),(2.38) numerically with D11 given by (2.48). We
note that even a relatively narrow depression, o/6J' = 0.5, reduces Acrit by about
50%. For a 6S' the value of A'rit is reduced to approximately zero. In Fig. 2-10 we
present the dependence of A'rit on the width of the depression, for a fixed value of
?le.
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Figure 2-10: The dependence of Acrit on the width of local depression in Dile for
several values of 71e. Here A = 0.1, qe = 0.1 (asterisks), 0.5 (open rhombi) and 1(open
triangles).
When a > 6w, it is possible to obtain an analytical estimate of Acrit. To this end
we expand the exponent in (2.48) in x/a. Then rotating the contour of integration in
the complex plane and changing the variables to i = ei~/8s/6D, Wi = -ir/8(6 D1T)W 
,
we obtain
d 2  = ( + 1 (i- ) (2.49)
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Figure 2-11: The dependence of the growth rate *y/w e on A' for o/6 w = 1 (asterisks),
0.5 (dots), 0.1 (rhombi). Here 7e = 1, A = 0.01, and A' = 6TwT(1 + aT)/Dm
where
w(w - wdi)J2 T )BL= = W di)O2(LT) 2  (2.51)
The characteristic scale-length for the mode is an intermediate scale between 56 and
8 Aw(w - Wdi)(LT)6W 2(8D = (2.52)
re (1 + aT)
Since at the marginal stability 6w is real, the solution of (2.49), (2.50) is 6Sc = -0.64,
Arit = 0, in agreement with the numerical results.
We conclude that a local depression in the electron parallel thermal conductivity
may significantly reduce the values of the excitation threshold for the drift-tearing
mode. On the other hand, we find that the influence of the depression on the stability
properties of the mode is not significant for relatively large values of A'. This is
demonstrated in Fig. 2-11, where the growth rate of the mode is plotted versus A'
for several values of //6T.
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2.4 Validity of the Model
We defined the weakly collisional regime as the regime where the collisions are still
sufficiently frequent so that the fluid description of the electron dynamics parallel to
the magnetic field remains valid, yet the two-fluid effects, and in particular the parallel
electron thermal conductivity, play an important role. In this section we check the
model for self-consistency, and assess whether the description used and therefore the
results obtained are relevant to the experiments.
The validity of the equations that we used to describe the parallel electron dy-
namics requires kIlAm.f.p. < 1, where Am.f.p. is the electron mean free path with respect
to the electron-electron collisions. A characteristic value of k1 is
ke mewe (1 + 1.77e) (2.53)
kll - (k - B')6T  l - = (2.53)DelI 3.2Tee
Thus we must require
IW*e (1 + 1.7le) Tel < 1. (2.54)
This condition is usually well satisfied for the parameters relevant to the modern
toroidal fusion experiments. For example, an estimate of parameter (2.54) for a
typical Ohmic discharge in Alcator C-MOD is presented in Fig. 2-12. It is apparent
from this figure that the fluid description of the parallel dynamics in the reconnection
layer may be used over most of the plasma column.
Another, more stringent constraint on the collisionality comes from the ion dy-
namics. Indeed, the expression (2.25) for the perpendicular current is valid only when
the characteristic scale-length of the variation of the electric field in x is larger that
the ion gyroradius. Since the typical scale-distance of the mode is 6T, we must re-
quire that 6T > Pi, or taking into account expression (2.35), that A is well below
unity. In Fig. 2-13 we present an estimate of A for a typical L-regime discharge in









Figure 2-12: An estimate of the parameter W Tere for an L-mode discharge of the
Alcator C-MOD machine. Here k - a, with a • 20 cm.
Alcator C-MOD machine. It is apparent from this figure that the small ion gyrora-
dius approximation may be used only in the outer regions of the plasma column. An
analysis of the plasma dynamics for the regions of plasma column where the width of
the tearing layer is of the order of or larger than ion gyroradius must be performed
using full kinetic ion response, which requires solution of an integral equation or
gyro-kinetic analysis with spectral decomposition in x.







Figure 2-13: An estimate of the
same Alcator C-MOD discharge
0.4 0.6 0.8 1
parameter A , (pi/,T) 2 defined by (2.35) for the
as in Fig. 2-12. The positions of several resonant
surfaces are marked by vertical lines.
Chapter 3
Effects of the Perpendicular
Electron Thermal Conductivity
As was discussed in Chapter 2, in a weakly collisional regime the drift-tearing mode is
effectively stabilized by the combined effects of the electron parallel thermal conduc-
tivity, and of the perpendicular gradient of the electron temperature. The analysis
was based on the values of the transport coefficients determined by binary collisions.
At the same time, we have established that the stabilization is overcome if the ther-
mal transport coefficients differ from their collisional estimates. For example, even a
localized depression in the parallel thermal conductivity is capable of decreasing the
excitation threshold.
In laboratory experiments on toroidally confined plasmas the perpendicular trans-
port of particles and especially energy is often observed to be strongly enhanced,
compared to the estimates of the collisional theory (see e.g. [26, 27, 25, 28, 29]). In
particular, the value of the perpendicular electron thermal conductivity can signifi-
cantly exceed its collisional estimate. This raises the possibility that the perpendic-
ular electron thermal transport can compete with the effects of the parallel thermal
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conductivity, and suppress the stabilizing influence of the later. A relatively simple
argument, somewhat similar to the one frequently employed in the context of the
non-linear island theory [30], can be used in order to estimate the relative importance
of the effects of parallel and perpendicular thermal conductivity. The parallel heat
transport significantly affects the dynamics of the mode when it is sufficiently fast
compared to the typical time scale w-1, i.e. when nwTe - rllk'Te. This condition
introduces a characteristic perpendicular length-scale 65T , defined by (2.28). On the
other hand, the length scale associated with the perpendicular thermal conductivity
is obtained from the condition nATe r ,•iLTe. When si is small, the effects of the
parallel heat conduction dictate the tearing layer width to be of the order of 6~, as
discussed in the previous chapter. Then we can expect the effects of the perpendic-
ular thermal conductivity to significantly alter the properties of the mode when the
corresponding length-scale is of the order of 6', i.e. when
(i/n) (6) 4 (k'L/)2 w/n) (6T)2wLT (3.1)
Since this estimate gives the values of <±, which are comparable to those observed in
experiments on toroidally confined plasmas, a detailed analysis of the properties of the
drift-tearing mode in the presence of a significant perpendicular thermal conductivity
is desirable.
The present chapter is dedicated to such an analysis. The main conclusion of
this work is that the perpendicular thermal conductivity not only suppresses the
stabilizing influence of the parallel thermal conductivity, but allows the drift-tearing
instability to tap into the source of energy represented by the electron temperature
gradient. This is manifested in the fact that the mode may become unstable for A' < 0
provided the value of _s is sufficiently high, i.e. larger than a certain critical value ic.
Somewhat surprisingly, we find that the transitional value ri, above which the mode
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can be driven unstable by the electron temperature gradient is significantly smaller
than a simple estimate (3.1). The maximum growth rate possible for A' = 0 increases
with rl and is roughly proportional to rle. This is in contrast to the "conventional"
drift-tearing mode described in Chapter 2, which draws the energy only from the
equilibrium current distribution, and becomes more stable in the presence of a finite
perpendicular electron temperature gradient.
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3.1 The Model Equations
We consider the same model as in Chapter 2, but allow for the perpendicular electron
heat flux, so that the electron energy balance equation reads
-n + VEx dz + nTV - (biiell) 
-V (qlleb + qe) , (3.2)
where
(B .V)Tq jle = -Ne (B + aTnTeUlle and (3.3)
dT
q-e = -e d ex. (3.4)dx
We assume that the magnitude of the perpendicular thermal conductivity coefficient
Xi may greatly exceed its collisional value. This is certainly the case when the origin
of the cross-field electron energy transport is in a collective process of some kind,
for example an instability associated with the perpendicular gradient of the electron
temperature.
We follow the same procedure as in deriving equations (2.30) and (2.31). In
particular, the linearized thermal energy balance equation reads
2 B d2T
T (-iw, + v11) = iwýExT' - i2 kiTe(1 + aT)ile + ikjlDe llT + DeId2 , (3-5)3 k B dei
where DeL = (2/3)'Le/ln. Ignoring the electron compressibility klliile, we re-write
equation (3.5) as
(- ) ivell ( iB iD d2t (3.6)O (k -B) w dx2
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Without the compressibility terms, the relevant form of Eq. (2.20) is
T' [-i(w 
- w e)B x - DmB~"] - T''Ex 
-*e (3.7)
S(k- B)w*T  - -
where wT  = We(1 + aT). As usual, to connect the solution to the outer layer, we
must impose the asymptotic connection condition which takes the form
m dx W* T + (W - W*e)Ex (w ]. (3.8)Din -oo_ BO TI
Equations (3.6) and (3.7), the quasi-neutrality condition (2.26), and the asymptotic
connection condition (3.8) constitute the full system of equations that describes the
inner layer. In general this system of two coupled second-order differential equations
supplemented by an integral equation can only be solved numerically. However, when
the perpendicular thermal conductivity is large, some qualitative information about
the solution can be obtained using analytical considerations.
To this end, we introduce functions T -TIT' and S = + TIT', substitute the
expression for T" from Eq. (3.7) into Eq. (3.6), and take advantage of the fact that
we expect w - weT I < WT7 to rewrite equations (3.6) and (3.7) as
VI,- iBx . D d2T+ i T= 1- (3.9)
w (k -B) w dXz2 (( )Z w(w - wdi) Dm4pw(BI + i(k. B)T) (6w + iAF) - i(k . BRw TT  (1- -W d)T T  (k- B)2 Dm D
Dm4lrp d2=
-W(W -Wdi) (3.10)(k -B) dz2
where 6w = (w - w e), and
Dm4irp Dile
=w(w - wdi) m D (3.11)
B2 D_
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The quantity AF may be viewed as a measure of the relative importance of the parallel
and the perpendicular thermal conductivity for a given collisionality. Indeed,
S(w •) 2 Dm47rpDile (We) 2Dm4r wT (6T)2  (6T) 2 WT
B2D. (k -B')2(6) 4 DI DI (3.12)
where parameter A cX Te/lve was introduced in Chapter 2 in Eq. (2.35).
We note that there are several intrinsic scale-lengths associated with equations (3.9)
and (3.10). They are
DLB 2  D_ L(J) 2








As we will see, 65 is the characteristic scale on which the curvature of nEx
while hr or 6~T define the overall scale of the mode, if DL is large.
definitions, we can also express AF in (3.12) as AF - (6ý/6T) 4. Now
Eq. (3.10) dictates the asymptotic ordering









compared to the second one. Thus if IAF/w, << 1, this ratio is small for almost all
of the extend of the mode (specifically, for (x/6•) 2 > (6•/6ýT) 2), and we can drop the
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E term from Eq. (3.9), which then becomes
( iB T d2 t
ve ( - (k ) dI (3.18)
ei 7 (k - B)T' D d--
In that case the temperature perturbation is determined independently of (Ex and
is of the form T oc T(x/6T), where T(x) is a universal function. To demonstrate
this, we introduce dimensionless quantities 2 = X/ST, T = i(k -B')>TT/(B3oT') and
W = i(k -B')&rV/(Bxo). Then Eq. (3.18) becomes
d2
dT = (1 + 2T). (3.19)
It is readily seen that such "decoupling" of the temperature perturbation profile is
dictated by the condition that the perpendicular thermal conductivity balances the
thermal transport along the field lines (i.e. V - q, 0). This is unlike the situation
when Dj . 0, and the temperature profile is determined by the balance between
energy convection and the parallel heat transport.
In terms of the dimensionless quantities introduced above Eq. (3.7) is
TT A, d2 W
iwT (1 + T) - i( - ,-,e) (1 - tW) = i dW2  (3.20)
where
Dm47rp (E) 2WT
AW = w(w - Wdi) 4 = Ac(o - Wdi) (3.21)(k -B)')264 D,
and the bar over frequencies denotes normalization to w e
. 
The dispersion relation
Eq. (3.8) takes the form
LDn = J dI [iCWT(1 + ±T) + i(C - •*,e)(XW 
- 1)]. (3.22)
,ile - o
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A simplified system of equations (3.20) and (3.22) may be solved with the temper-
ature profile given by Eq. (3.19). The results of this analysis agree with the solution
of the "unabridged" system (3.6),(3.7), if the value of the perpendicular thermal diffu-
sivity DI is large, D, (6L))2 W e . However, the consideration of smaller D1 requires
numerical solutions of the full system of equations. The results of such analysis are
presented in the next section.
3.2 Results of Numerical Analysis
In this section we present the results of a direct numerical solution of equations (3.6)
and (3.7). In agreement with the analytical considerations of the previous section,
the most import result of this analysis is the fact that in the presence of a significant
perpendicular thermal conductivity the drift-tearing mode may be driven unstable by
the effects of the electron temperature gradient. This is illustrated in Fig. 3-1, where
the growth rate of the mode is plotted as a function of the perpendicular thermal
conductivity for A' = 0 and several values of re. At very low values of DI, the mode
is damped, with the growth rate becoming more negative as qe is increased. This
of course is in a complete agreement with results of Chapter 2. At higher values of
the perpendicular thermal conductivity, D 0.1(6L) 2W e, the growth rate becomes
positive and the role of the temperature gradient is reversed. Now the growth rate is
higher for higher values of 1re. As a function of DI, the growth rate has a maximum
in the region D1  _ 0.2(6Tw e) and then slowly decreases towards zero at large DI.
We note that the transition from the regime where rh is stabilizing to the regime
where 7e is de-stabilizing is marked by a change in the dependence of the real part of
the frequency on DI. In Fig. (3-2) the dependence of (w - wT )/IW on DT is shown
for the same parameters as in Fig. 3-1. The position of the "notch" in this graph
approximately corresponds to the transition between the two regimes.
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Similar to the change in the role of the perpendicular gradient of the electron
temperature, the influence of the collisionality is different for small and large values
of D1 . This dependence is shown in Fig. 3-3, where the growth rate of the mode is
plotted as a function of DI/((62 ) W) for several values of A and re = 1. Again, for
small DI the mode becomes more stable as A is increased (i.e. the temperature is
increased). However, for larger values of D1 the situation is reversed and the larger
values of A correspond to the larger growth rates. The characteristic reversal of the
dependence of the growth rate on the values of 7le and A is further illustrated in
Figs. 3-4 and 3-5, where the values of A'crit (i.e. the values of A' corresponding to
y = 0) are plotted versus DI for different values of re and A correspondingly. Even
for relatively small values of DI, D1  _ 0.1(6JT) 2we, the threshold value of A' is
dramatically reduced compared to the case DI - 0.
For a fixed value of DI, qre is destabilizing for small values of e7, and stabilizing for
relatively large rle. We note that this can be related to the change in the parameter
D/((6,L)2W )' which may be viewed as describing the relative importance of the
perpendicular and parallel thermal conductivity. The same trend is demonstrated in
Fig. 3-6 where the dependence of A'rit on re is shown for several values of D1 , and
in Fig. 3-7 where the dependence of the mode growth rate on r7e is shown for several
values of D1 . The value of 71e corresponding to the maximum growth rate and the
corresponding value of y increase with D .
Finally, some examples of the eigenmodes are presented in Fig. 3-8, where the
profiles of the normalized temperature perturbation T = i(k - B')6,T/(T'Bxo) are
presented for higher and small values of DI, and compared with the profile predicted
by Eq. (3.18). For D1 = ((6T) 2w we) the difference between the two expression does
not exceed 5%, while for small values of DI the departures are significant.
To summarize, the perpendicular thermal conductivity leads to increased growth
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rates of the mode or, alternatively, lower values of A'crit. For the values of DI larger
than some critical value that depends on the collisionality, the electron temperature
gradient has a destabilizing effect on the mode, so that it may be excited even when
A' < 0. In this regime the growth rate of the mode becomes larger as the parameter
A is increased. The semi-analytical analysis of section 3.1, which is valid for relatively
large values of DI/(6wj )le, correctly describes these qualitative features of the mode.
3. Effects of the Perpendicular Thermal Conductivity
0 0.5 1 1.5 2 2.5 3
DIDL o
D/DL 0
Figure 3-1: The dependence of the growth rate of the mode on the value of normal-
ized perpendicular thermal conductivity for different values of e. The four curves
correspond to rle=2 (asterisks), 1 (crosses), 0.5 (stars) and 0.1 (dots). The growth
rate is normalized to w,e and A = 0.01. Here A' = 0 and Do0 = D/(()2Ile).
Bottom: magnification of the transition region DI/D±o - 0.1





0 0.1 0.2 0.3 0.4 0.5
D J/D
Figure 3-2: The dependence of the real part of the frequency of the mode (w-w Te)/w e T
on the value of normalized perpendicular thermal conductivity for different values of
7e. The four curves correspond to '7e= 2 (asterisks), 1 (crosses), 0.5 (stars) and 0.1
(dots). Here A' = 0, 77e = 1, and A = 0.01. Bottom: magnification of the transition
region D±/DIo 0 0.1
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0 0.5 1 1.5 2 2.5 3
D-/D 1 0
Figure 3-3: The dependence of the growth rate (top) and of real part of the frequency
of the mode (w - w l)/w w (bottom) on the value of normalized perpendicular thermal
conductivity for different values of the parameter A. The three curves correspond to
A=0.1 (asterisks), 0.05 (crosses), 0.01 (stars). Here A' = 0 and DiLo = D /((TW)2 ll
_ I_ __ _ _·
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0.1 0.2 0.3 0.4 0.5
Figure 3-4: The dependence of Acrit on the value of the perpendicular thermal con-
ductivity DI. Here Acrit is normalized to STW,e/Dm. The four curves correspond to
77e = 0.05 (asterisks), 0.1 (crosses), 0.5 (stars), and 1 (dots). Here A = 0.01. Bottom:
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Figure 3-5: The dependence of the threshold value A'criton
thermal conductivity for several values of the parameter A.
7re = 2, and A=0.1 (asterisks), 0.05 (crosses), 0.01 (stars).
Bottom: magnification of the transition region D±/Do - 0.1
the the perpendicular
Here Dio = (6T)2We,
/'o = ((s T )2W T )/D m .
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Figure 3-6: The dependence of the Acriton rle for several values of the perpendicular
thermal conductivity D. Here A = 0.01, Acrit is normalized to TW,,e/Dm and
D /(62W*e) =:= 0.1 (asterisks), 0.5 (crosses), and 1(stars)
r-
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Figure 3-7: The dependence of the mode growth rate on qre
perpendicular thermal conductivity D1 . Here D /(6w,,e)
(crosses), and 1 (stars). A = 0.01
2 2.5 3
for several values of the
= 0.05 (asterisks), 0.5
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Figure 3-8: The profile of the
for Di/((6w)2 w2 ) )= 1 (dots),
line) . Top: real part, bottom:
normalized perturbation of the electron temperature
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3.3 Discussion
The most important result of our analysis is the conclusion that drift-tearing mode
may be driven unstable by the gradient of the electron temperature provided that the
value of the perpendicular thermal conductivity DI is sufficiently high. The exact
"threshold" value of DI above which the temperature gradient can drive the mode
depends on the collisionality, but may roughly be estimated as
D 0.1( )2 L/(Di1 ek2). (3.23)
When D1 > D', the growth rate increases, and consequently AIcrit decreases with ,e.
While it is rather difficult to give a sound qualitative explanation of this result, the
decoupling of the temperature perturbation profile from the profile of the electrostatic
potential (represented by (Ex in our equations), is likely to be the key difference
between the regime of "small" DI, where the currents driven by the parallel gradient
of the temperature perturbation are stabilizing 1 and the regime of "high" D1 where
these currents are apparently destabilizing. For small, but finite values of DI the
mode is qualitatively similar to the one discussed in chapter 2. In particular, it
becomes more stable as re is increased. The observed enhancement of the growth
rate relative to the case DI = 0 is most likely caused by the modifications of the
mode profile (and in particular the broadening of the mode profile) that are due to
the perpendicular heat conductivity.
We note that the results of the analysis presented in this chapter depend in a
crucial way on the departures of the value of the perpendicular thermal conductivity
from the predictions of the collisional transport theory. Both experimental data
and theory (see e.g. [28, 29]) suggest that the perpendicular electron thermal energy
las manifested in the decrease of the growth rate with r71
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transport is "anomalous", i.e. strongly enhanced relative to the collisional estimates.
We found that the cross-field energy transport significantly alters the behavior of the
drift-tearing mode for values of the perpendicular thermal conductivity that are of
the order of D_ 0.1((6 T)2 W), i.e.
D± D± Ve L2D-- cT/(eB) 0.1 -- LL <c 1 (3.24)
DB cTe/(eB) Qce L2
where LP, a is a characteristic length-scale associated with the pressure gradient.
This estimate strongly suggests that the results of the analysis presented in this
chapter may be relevant to the experiments on toroidally confined plasmas.
Finally, we point out that since the width of the reconnection layer is found to be
of the order of 6 T, the requirement that it is larger than the ion gyroradius is better
satisfied compared to the case of the mode discussed in Chapter 2.
Chapter 4
The Influence of Perpendicular
Electron Spatial Diffusion on the
Collisionless Drift-Tearing Mode
In the previous chapters we have established that the effects associated with the elec-
tron thermal energy transport are responsible for the stabilization of the drift-tearing
mode in both weakly collisional and collisionless regimes. We have proposed that
the presence of a background micro-turbulence allows for the excitation of the drift-
tearing mode by significantly affecting the thermal energy transport at the relatively
large scale-lengths associated with the mode.
In this chapter we consider an interesting and important limit, where the only role
of the small-scale turbulence is to provide a stochastic ("noisy") background for the
evolution of slower, larger scale perturbations such as the drift-tearing mode. The
dominant effect of such a stochastic background is the enhancement of the perpen-
dicular particle diffusion (see e.g. [9] for a review). If the background turbulence is
predominantly electrostatic, the diffusion of test particles arises as a result of "kicks"
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caused by the random E x B velocity perturbations due to the background. If the
turbulence creates a substantial perturbation of the perpendicular magnetic field,
magnetic field lines themselves may exhibit random walks, and the electron radial
diffusion is enhanced due to the motion of electrons along this "braided" magnetic
field [11].
In order to isolate the effects of the turbulence-induced perpendicular diffusion
from those of the binary collisions, it is convenient to consider the collisionless regime.
In this regime the drift-tearing mode is stabilized [2] by the effects of the electron
Landau damping, which is known [31, 28, 19, 23] to replace the effects of the parallel
thermal conductivity upon the transition from a weakly collisional to collisionless
regime.
The motivation for analyzing this model is two-fold. First, the spatial diffusion is
known to interfere with Landau damping [32], and we can expect modifications of the
mode excitation threshold when this effect is sufficiently strong. Second, the model
is attractive as a minimal model of interaction between the large-scale mode and the
background spectrum of microscopic modes. Only one free parameter, namely the
value of the diffusion coefficient, is introduced. Although in principle such macro-
scopic effects as perpendicular thermal conductivity and viscosity result from the
spatial diffusion, and are included in the analysis, for the considered values of the
corresponding diffusion coefficient these effects are small and do not play any role.1
Thus, the main effect of the perpendicular diffusion is to modify Landau resonances,
which makes this model very close in spirit to the model of localized depressions in
the parallel thermal conductivity that was discussed in Chapter 2. Finally, we note
that spatial diffusion is expected to be an irreducible effect of microscopic turbulence,
so that it is important to understand its significance.
1The value of the perpendicular diffusion coefficient is limited by the perturbative nature of our
analysis.
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4.1 The Collisionless Drift-Tearing Mode
We recall that when the spatial diffusion is absent, the dispersion relation for the
drift-tearing mode in the collisionless regime can be written as [2]
cw d2A' L, 2me 1/2 7re  -e 1/2
-i2 - = - 2  1 [(+ ) Ii- (4.1)
2( 1e/2 3/2 Ls ( 2me 1/2 le(1 + 7e/2 L A ) ,
where 6w = w - wo, w = W*e(1 + ?7e/2), 6e = WOLs/(kVthe), d = c2 me/(47rne2 )
L,1 = I(1/n)dnr/dxl, and le, Ii are coefficients of the order unity. The third term on
the right-hand side represents the stabilizing influence of electron Landau damping,
and is normally much larger than the second term that describes the ion influence on
the stability. For a finite value of le, there exists a marginal stability point, where
the growth rate of the mode is zero. The corresponding critical value of A' = 'Acrit
is shown in Fig. 4-1, where (Acritd 2/e) is plotted as a function of 7e. We note that
the threshold value of Acrit increases almost linearly with r/e, which is qualitatively
similar to the behavior in a weakly collisional regime.
We anticipate that the perpendicular electron diffusion can in principle affect
the drift tearing mode by modifying Landau resonances, and by introducing the
perpendicular thermal conductivity. Both of these effects modify the thermal energy
transport, and can be expected to affect the critical values of A'. At the same time,
we note that in the asymptotic region where 1kj1vthI > 1wI the effects of Landau
damping can be thought of as introducing parallel electron heat flux of the form
qile - (vth/IkIIl)k ~ [31, 28, 19, 23]. Therefore in order to compete with the parallel
flux, the perpendicular diffusion must be at the level D1 n 6_ lklvtlh/wI. Taking 64 to
be the typical scale-length of the mode for the case when perpendicular diffusion is
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Figure 4-1: The critical value of A' at marginal stability in the collisionless regime.
Here A' = 6e/d.
absent,
6 L)L 1/2  (4.2)
where v = Te/Mi, and Qci = eB/(Mic), we obtain DI to be DL (Ls/Ln)(kllVthe)P92
The values of the perpendicular diffusivity that we consider are limited by the approx-
imations needed in order to make the problem tractable, and are much smaller than
this estimate. Therefore we do not expect the effects of the perpendicular thermal
conductivity to be important.
rr rrr
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4.2 Model Equations
In order to obtain the equations that describe the drift-tearing mode in the presence
of a random background of microscopic modes, we make use of the space and time
scale separation between the background and the mode of interest. In particular,
one separates the distribution function, and all the other quantities of interest into a
slowly varying in time and space averaged part, which in the present case represents
the drift-tearing mode, and a fluctuating part that changes on much smaller spatial
and shorter time scales, and represents the background turbulence. An averaging
over the small-scale modes is then performed. Since we are interested in the effects of
spatial diffusion, it is convenient to think of the averaging procedure as a summation
over all the possible random trajectories of particles. In the approach to calculating
the average quantities that we use, the equations are solved for a given realization of
these trajectories, and the result is then averaged over the corresponding statistical
ensemble. The details of this analysis are presented in Section 4.2.1.
Assuming that the average quantities have been found, we may obtain the equa-
tions describing the evolution of the drift-tearing mode by using the quasi-neutrality
condition
=j dvll Kfe) (4.3)
and Ampere's law
V2A [nulli dvll KIfe) . (4.4)
Here (...) refers to average quantities, All is the perturbed parallel component of the
vector potential, ni and illi are the perturbed ion density and ion parallel velocity,
and fe is the "iD" electron distribution function, i.e. it has been already integrated
over the perpendicular velocity.
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If the background turbulence is electrostatic, with characteristic spatial scales less
than the ion gyroradius, the ions are not affected by it. The ions will of course diffuse
radially if the magnetic field becomes stochastic. However, this diffusion proceeds on
a slower time scale than the electron diffusion due to the smaller ion thermal speed.
Thus we assume that the ions are not affected by the background. In that case the
ion response is [2]
S w wi 1 2 ( w )SPi2 k+ thi i2, (4.5)
n k1lthi  0 2 dZ2 k-Vth i
and
= R (4.6)
Vthi k Vthi kl Vthi
Here
Pi (A) = [1 + AZ(A)] [1- i  - i *'h (4.7)
W 2 2  w
1w wi2 (WiA (2A + Z(A)(2A 2 _1)) 1 li(1 +,qi) AZ(A), (4.8)
2 w _W
is the electrostatic potential, p? = v2hi/Q~i is the ion Larmor radius, Vt2hi 2Ti/Mi,
and Z is the plasma dispersion function [33] defined by
1 P" e- zZ(A)= }i dze (4.9)
z() r f_,-• z-A
4.2.1 Drift-Kinetic Equation for Electrons
The neglect of binary collisions allows us to describe the electrons using a model
"l1-dimensional" drift-kinetic equation [34]
[t +v - +. fi =
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e Bo 1 8All1 Ofo _[( B3 OfoS o- . V -•- +)Ex + V1 (4.10)
m B c 0t vil B x'
where we have formally introduced an operator 5 that induces random walks in
x. Here tilde refers to the perturbations representing the drift-tearing mode and fo
is the unperturbed distribution function, iE,x = -(c/B) (*a¢/y), ) x = &aAI/oy.
For a moderate level of the background turbulence, the diffusion term has the most
significant effect on the resonant particles with w k llvll. Therefore, we can expect
that it is mostly important in the regions where Landau damping plays an important
role. In particular, it leads to the broadening of the Landau resonance [35].
A discussion concerning some of the properties of operator b9 is in order. We are
primarily interested in studying the influence of resonance broadening effects on the
excitation of the drift-tearing mode, and chose to introduce those effects through a
physically meaningful process, namely spatial particle diffusion. In the presence of
such diffusion the mass conservation equation is modified and includes a diffusion
operator. Then in order to obtain a non-uniform steady state distribution we must
formally introduce a particle source in the equations. Another way of restating this
problem is the following. Our choice of fo as a time-independent Maxwellian dis-
tribution with non-zero perpendicular gradients may be justified by considering the
time scale associated with the changes in the equilibrium configuration to be much
longer than the characteristic time scales associated with the instability of interest.
In both cases the effect of the operator V5 that we are interested in is to introduce a
phase de-correlation mechanism that leads to the broadening of Landau resonance.
We solve Eq. (4.10) by integrating along "unperturbed" orbits
= y + By (x( dt" (4.11)
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= Z+ B (x(t"))dt", (4.12)
and then averaging the result over an ensemble of all of the possible orbits. Thus
x(t) and y(t) in Eq. (4.11) must be treated as random variables. In particular, we
introduce 6x and 6y - the departures of the particles from their positions X and Y
at time t, as
x(t') = X(t) + 6x(r), (6x) = 0, (xZ2) = 2D~(v)r (4.13)
y(t') = Y(t) + b6 y (r), (6y) = 0, (6y 2) = 2 )y()T,
where r = t' - t. Equation (4.13) can be regarded as the definition of the diffusion
coefficients Dx,y(v).
We consider evolution of a single microscopic mode, represented by the perturbed
quantities of the form V = k(x) exp (-iwt + ikyy + ikz), and obtain the solution
of (4.10) as
fl = exp (-iwt + ikyy + ikzz) x
dr G(x, v) exp iwr + ikyy + i dr'vkj (x) , (4.14)
where
G(x,v) = i [- ((x) - Al (x)) f +
m kIl c av
kyc (O(x) - v-Al(x)) 9fo] (4.15)B c ax
kll(x) is the component of the wave-vector parallel to Bo, and we have dropped the
subscript 1I in v. Equation (4.14) represents the solution of the original drift-kinetic
equation for a given realization of stochastic orbits. We now average this result over
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the random orbits, assuming that motions in x and y are independent and both have
Gaussian statistics2 . Then we need to compute the average
KG(x', v) exp (ik6y + i tit dr'vk,) )
=e-kDYr G(x', v) exp (i dt- r'vki) ), (4.16)
where we used the following property of Gaussian random variables
(ex) = exp (x) + (x 2)- x2) . (4.17)
We note that over a time-scale To the electrons diffuse an average distance 6xo ~
VD--- in the x-direction. If this distance is smaller that the characteristic scale of the
mode 6p, we can formally expand G(x', v) in powers of 6x = x' - x, the displacement
of the particle from the initial position x. Then using kl (x') = kll(x) + kl16x, with
kjl' = (k - B')/B, we obtain
G(x', v) exp (i j dTvk e-ikvr n! ((z)n eiO[6 x]) (4.18)
where O[6x] = ftt- dr'vllkl'6x(r'). Then we can write the perturbed average distribu-
tion function as
/i = G(n)() ~ dT exp(iw- - iklivT - k'DyT) ((6x)n eio[x]) . (4.19)
We note that the y-diffusion introduces an effective growth rate in the electron
terms according to
7' = + k,D,, (4.20)
2A very important assumption that allows us to explicitly compute the averages!
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and can be expected to have a stabilizing influence on the mode. However, since for
the drift tearing mode k, , 1/a, this modification is small
/YIW*e - de/a, (4.21)
where we used a characteristic value (de/,LT)(cTe)/(eB) with d2 = c2me/(4irne2 ) to
estimate D),. Therefore we ignore the y diffusion, and in what follows drop subscript
x for the averages and the diffusion coefficient.
S...)>X-
Thus D refers to Dx and (...) to
Making use of the assumption that 6x is a Gaussian variable, we calculate the x
averages in the series (4.18) as
0n
exp [-D(k v) 2 T3/2 + 0 2 DT - iP(k'jv)DT2] =op l0=0
(4.22)
where H, are the Hermite polynomials of order n. In deriving this expression, we
have used
(6x(r')6x(7")) = D(v) min(IT"), IT'j)
Finally, Eq. (4.19) becomes




exp [-D)(kl v)2r3/3] (DT)n / 2 (-i) n Hn (k v) (DT)1/2
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where we have introduced functions
7n = (-i)n 00 d-rexp [iT (w - k lv - (kv)2 ~(v) X
(DTr) n/2 Hn (k• Iv)(r3)1/2 (4.25)
Functions Rn represent the mode-particle interactions, and for 7D = 0 can be ex-
pressed in terms of the resonant factors (w - klv)-1, which upon integrating over v
with a, Maxwellian distribution function fo become plasma dispersion function or its
derivatives.
We note that since the time integrals in (4.25) converge on time scales of the order
of To [D(kl v) 2] -/3, the corresponding average excursion of the electrons from their
starting positions at x is
X D ro klvl (4.26)
Thus to justify expansion (4.18), we must require 6x/l6 < 1, or
D(v)
< 6. (4.27)
Once the electron distribution function is found, the perturbed electron density and
parallel electron velocity can be obtained by computing the appropriate moments of
Eq. (4.24)
ie = dv (ie = dv G (" ) (x)-Rn (4.28)
n n 
_
niill = dvll"vII e) = E j dv G(")(x)vzt., (4.29)
S-oo n oo
Therefore, in order to obtain the electron density and current, we need to calculate
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integrals of the form
) = d•e- 2 mRn., (4.30)
where v = v/Vthe. For D independent of velocity, a significant simplification of
these integrals is possible. This case is considered in the next section. However,
we note that for velocity-independent D, condition (4.27) is necessarily violated for
lvi < D)/(Ik I6•) , and that makes expansion (4.18) somewhat questionable for large
D. In what follows, we are going to discuss the validity of this expansion in more
detail. The case of a velocity-dependent diffusion coefficient, D c< Ivi, where (4.27) is
uniformly satisfied for all v, requires a fully numerical treatment, and is considered
in Section 4.2.3.
4.2.2 Velocity-Independent Diffusion Coefficient
In this section we consider the case of a velocity-independent diffusion coefficient. This
situation may be considered as a model for predominantly electrostatic turbulence.
The absence of the velocity dependence in D allows a significant simplification of the
integrals (4.30). For example, for m = 0 we obtain
Jd e /2f)n e xp exp i -=




0/O eiwr (kI vth ( (kj ITvth)2  (4.31)
oT (2i)nr(n+1)/2 HK 2,ý exp - 4a
where a = 1 + (k'lvth) 2 DT 3 /3.
First, we wish to focus on the effects introduced by the modification of Landau
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resonances. Thus we include only n = 0 term in the expansion (4.18). This is justified
for relatively small values of D or large values of magnetic shear (large Ln/L,, where
L,1 = I(1/n)dn/dzl). The influence of the higher-m terms will be discussed at the
end of this section.
When only the n = 0 terms in (4.18) are included, the perturbed electron density
is
e= -i (x) [(i -r1 (o) + leO) (0)
n Te 2W*e 1
.e 1 1 - Ieo) + el0) - iO) (4.32)
Te c 2 W*e
and the perturbed electron parallel velocity is
VI= -ie () 1 77e (0) I ) _ o)
Vth Te [\ 21 W*e 2
le 1-[( e 21 )  Tre iO ) - W 0) (4.33)Te c 2 D*e
We employ the Bx approximation that was described in Chapter 2, and corre-
sponds to taking A ll r Allo, with Allo constant. We then introduce the following
dimensionless quantities 0 = O(kIlSec)/(wAllo), L = W/lo, X /6e, k leVThe = WO,
and wo = we(l + 0.5?7e). Since we are mostly interested in the resonance broadening
effects, the relevant normalization for D is f? = D/(62ewo), where 6, = Wo/(k IVthe).
We then obtain the following equations
*Pi2 Ie -
1 "- - 11 + -3 1WO 2 )(e
W* 1 -I r) o + rJe2 - (4.34)
wo 2 W e
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where 7 = Te/Ti, and I, = woI(). The asymptotic connection condition takes form
A/ 2e 1-o





- ) i + 7e0 - 23 2 C*e
2 CWe J
--If•--
We note that the dispersion relation can be written as
5w 26









This simplification is possible because the integrals of 12 and i4 over x may be
computed analytically. They are (here n = 2, 4)
/ "·I,= ')0 eico-r ooddxI, = dr (2 i)n,(n+l)/ 2 -dxHn 2
where the inner integral has been evaluated as follows
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- (8si ) 6(T), n=2 (4.41)
16 ra[36(r) + r 6(T)] , n = 4
The 6 functions allow one to integrate over T and obtain the result quoted above
(ifF). Thus the main driving factor does not depend on the value of D.
We solve equations (4.34) and (4.35) numerically, with the boundary conditions
0(0) = 0 and 4 -- 1/t as : -t oo. We find that the excitation threshold of the mode
does indeed become smaller when the spatial diffusion is increased, as is illustrated in
Fig 4-2, where the values of A'crit are presented as a function of 5 for several values
of rle. Since we are interested in the relative reduction of the excitation threshold,
we normalize Acrit to its value for D = 0. Unfortunately, we find that the results
of this analysis can not be trusted for values of D > 10. In particular, when we
include high-n terms in the expansion (4.28),(4.29), they quickly grow in magnitude
and eventually become significantly larger than the n = 0 term. This is illustrated
in Fig. 4-3, where various terms in the expansion (4.28), (4.29) are presented. As D
grows, the m = 1, 2 terms that are proportional to q' and /" correspondingly begin
to dominate the dispersion relation. This is taken by us as a sign of the breakdown
of approximations that lead to (4.28),(4.29). In fact, the expression of A' obtained
by our methods appears to suffer from all the problems that are characteristic of
asymptotic expansions. In particular, it is represented by a series of terms with
alternating signs. We nevertheless find that the values of Acrit are unaffected by the
high-n terms in expansion (4.28) for D < 10.
As was pointed out at the end of Section 4.2.1, we can expect that in the case
of a velocity-independent diffusion coefficient expansion (4.28),(4.29) breaks down at
small v. In order to investigate whether this is the effect responsible for the divergence
of the series that is used to calculate A'crit
, we analyze in the next section the case
where D oc lvi, where (4.27) may be uniformly satisfied for all v. Such a diffusion
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Figure 4-2: The dependence of the excitation threshold on the value of the perpendic-
ular diffusion coefficient for D independent if v. Plotted are values of Acrit normalized
to the value of Acrit for D = 0 versus D for ,le = 0.1 (crosses), 0.5 (asterisks), 1 (dia-
monds), and 2 (stars)
coefficient corresponds to the case of the diffusion due to a "braided" magnetic field.
4.2.3 Velocity-Dependent Diffusion Coefficient
When V = D_ v , only fully numerical analysis is possible. In particular, the functions
I(m) defined by (4.30) now need to be computed numerically. We find that the
results of such analysis are qualitatively similar (see Fig. 4-4) to the conclusions of
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Figure 4-3: First few terms in the expansion (4.29) in case of constant D. The n = 0
term (asterisks), the n = 1 term (crosses), and n = 2 term (stars). Here le = 2.
the previous section. In particular, the expansion still fails for values of D 5 - 10,
which is an indication that this failure is not related to influence of particles with small
v. This is illustrated in Fig. 4-5, where the n = 1, 2, 3 terms of the expansion (4.29)
are presented.
4.3 Discussion
In this Chapter we have considered a very interesting limit where the influence of
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Figure 4-4: The dependence of the excitation threshold on the value of the perpen-
dicular diffusion coefficient for D = Di v. Plotted are values of Acrit normalized to
the value of Acit for D = 0 versus D for rle = 2 (asterisks), 1 (crosses)
electron spatial diffusion. This approximation corresponds to treating the background
turbulence as a statistical "bath", whose only role is to scatter particles. We consid-
ered the collisionless regime where the drift-tearing mode is stabilized by the effects
of electron Landau damping. Since the influence of perpendicular diffusion is the
largest for resonant particles with vijl w/kll, diffusion may significantly modify the
Landau resonance (in particular, it broadens the resonance). This makes the model
that we consider close in spirit to the model of localized depressions in the parallel
thermal conductivity that was analyzed in Chapter 2. This is due to the fact that











Figure 4-5: First few terms in the expansion (4.29) in case D = Dlvl. The n = 0
term (asterisks), the n = 1 term (stars), and n = 2 term (crosses). Here 7,rme = 2.
in the asymptotic region IkllVthel > Iwl the effects of Landau damping correspond to
those of the parallel thermal conductivity.
We analyze two models for the perpendicular diffusion coefficient D. In the first
model, which generally corresponds to the case of predominantly electrostatic back-
ground modes, D is independent of the parallel velocity. In the second model D1 cx Ivi,
which corresponds to the diffusion induced by stochasticity of the magnetic field. We
find that the spatial diffusion leads to a reduction in the mode excitation threshold
in both cases, as can be expected based on the results of Chapter 2. However, our
semi-analytical treatment of the problem is only possible for relatively small values
cr
L
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of the corresponding spatial diffusion coefficient. In this regime the reduction of the
parameter Acrit is rather small.
Finally, we note that this interesting, but rather challenging problem probably
requires fully numerical treatment. In particular, it should be possible to implement
the effects of spatial diffusion in a particle simulation.
Chapter 5
Conclusions
In this short chapter we summarize the results presented in this thesis. The main con-
clusion of our work is that the excitation properties of the drift-tearing mode depend
in a crucial way on the details of the electron thermal energy transport. In particular,
we have proposed that the presence of a background spectrum of microscopic modes,
can dramatically affect the excitation threshold of the drift-tearing mode. Such mode
may originate for example from the micro-reconnecting instabilities driven by the
electron temperature gradient.
In Chapter 2, we reviewed the theory of the drift-tearing mode in a weakly col-
lisional regime. This analysis confirmed earlier conclusions [2, 3] that in this regime
the instability is suppressed due to the effects of parallel thermal conductivity, if a
finite gradient of the electron temperature is present. We have computed the esti-
mates of the threshold values of the drift-tearing stability index A', and found that
the theory predicts that the mode should be stable under the conditions typical of
modern toroidal experiments on nuclear fusion. Since the relevant experimental ob-
servations clearly contradict this prediction, we have introduced the central idea of
our work, namely that the presence of a spectrum of background microscopic modes
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may lead to destabilization of the drift-tearing mode, if this microscopic background
affects the transport of the electron thermal energy. Since both experimental obser-
vations and theoretical considerations indicate that the electron thermal transport is
"anomalous", i.e. different from the estimates of the collisional theory, this is a very
plausible assumption. In Chapter 2 we considered two specific models that describe
modification of the thermal energy transport due to a microscopic background. In
particular, we have demonstrated that localized suppression of the electron paral-
lel thermal conductivity is a very effective way for reducing the threshold values of
A'. We have also showed that a local flattening of the electron temperature profile
leads to a reduction of Acrit, although the electron temperature gradient needs to
be suppressed in a sufficiently wide region around the magnetic surface where the
drift-tearing mode is developing in order for this effect to be significant.
In Chapter 3 we considered the influence of the perpendicular electron thermal
conductivity on the stability properties of the drift-tearing mode. The perpendicular
thermal conductivity is usually excluded from analytical considerations because the
collisional estimate of the corresponding transport coefficient is relatively small, and
the difficulties associated with the analysis are significant. We have demonstrated
that perpendicular electron thermal transport reduces the excitation threshold of the
drift-tearing mode under typical conditions. Moreover, if the perpendicular thermal
diffusivity exceeds a threshold value, a new instability appears that is driven by the
combined effects of the electron temperature gradient, and of the magnetic energy of
the equilibrium configuration.
In Chapter 4 we analyzed a reduced model of the interaction between the drift-
tearing mode and a spectrum of background microscopic modes. We considered an
interesting limit where the microscopic modes are treated as a stochastic background,
whose only role is to introduce electron spatial diffusion. For simplicity, we considered
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a collisionless regime, where the drift-tearing mode is known to be stabilized by the
effects of the electron Landau damping in the presence of a finite electron temperature
gradient. Our analysis demonstrated that in this regime the spatial diffusion does
lead to a small decrease of the mode excitation threshold. However, the nature of
the approximations used in order make the problem tractable limits the values of the
corresponding diffusion coefficient which can be considered.
Finally, we present a few ideas regarding possible future investigations.
i) We have modeled the influence of the microscopic modes on the drift-tearing mode
through the modification of the transport coefficients. These transport coefficients
were taken to be fixed. In reality, they depend on the properties of the background
modes (at the very least, on the amplitude of the perturbations), and adjust dynami-
cally to the drift-tearing mode induced modifications of the plasma parameters, such
as local perturbations of temperature, or local shear of the electric field. Thus a
dynamical model that takes such "feedback" into account would be of great interest.
While an accurate description of this process is unlikely to be tractable (see e.g. [36]
and references therein for an example of a minimal model that ignores the thermal
transport), a simplified model appears to be possible that would capture some of the
essential features of the drift-tearing mode "back-reaction" on the background.
ii) The results and the spirit of this work are of significant importance for the field of
numerical simulations. In particular, the significance of multi-scale analysis is clearly
demonstrated. While it appears unlikely that modern global simulations can resolve
the range of spatial and time scales needed to simultaneously include the dynamics
of macroscopic drift-tearing modes, and the dynamics at the scales of the electron
gyroradius that is needed to describe the background, the influence of the latter may
be included through some hybrid model. The simplest example of such a model is
the approximation of a stochastic background that was considered in Chapter 4.
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iii) A dedicated numerical study of the model described in Chapter 4 is very much
possible, and is of unquestionable interest. Our semi-analytical approach prevented
us from obtaining results regarding the stability of the drift-tearing mode when the
perpendicular spatial diffusion is significant. A fully numerical study is therefore
called for, and particle simulation is likely to an appropriate tool.
Appendix A
Numerical Techniques
In this appendix we describe the techniques that were used to find numerical solutions
in Chapters 2,3 and 4. Typically, we need to solve a second-order differential equation
for function O(x) of the form
"(X) = - 1{qx, W }, (A.1)
supplemented by a dispersion relation, which takes the form of an integral equation
A' = dx£2{,x,,w}. (A.2)
Here £ 1,2 are linear functionals of 0. The equations are considered on the domain
(0, oo) with the boundary condition 0(0) = 0 (as dictated by the parity of the eigen-
mode), and the requirement that ¢ matches its asymptotic form 1/x at infinity. This
can be viewed as an eigenvalue problem for w, if the value of A' is fixed. However,
we in general used a simpler approach. Instead of fixing A', we fix the growth rate
-y = Imn(w). Then for a guess value of Re(w) equation (A.1) is solved for 0 and the
result is used to compute A'. The value of Re(w) is then adjusted until Im(A' = 0).
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Since we expect to find only one mode that satisfies the imposed boundary condi-
tions, the function y(A') must be a bijection, so that we can invert it to obtain 'as
a function of A'.
Most of the numerical algorithms are implemented as Matlab code. To solve
second-order differential equations, we use finite differencing at Chebichev points [37].
The domain (0, 00) is converted to (-1, 1) using transformation y = 2 tanh(z/s) - 1,
where s as a scaling factor. For all of the solutions, we check that the parameter
P 2182/01 is below unity, so that the expansion in small ion gyro-radius, which was
assumed to hold for all of the regimes, is justified.
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